Abstract. In this paper, a numerical procedure called multistage optimal homotopy asymptotic method (MOHAM) is introduced to solve multipantograph equations with time delay. It was shown that the MOHAM algorithm rapidly provides accurate convergent approximate solutions of the exact solution using only one term. A comparative study between the proposed method, the homotopy perturbation method (HPM) and the Taylor matrix method are presented. The obtained results revealed that the method is of higher accuracy, effective and easy to use.
Introduction
The pantograph equation is one of the most well-known and important types of delay differential equations. It plays a significant role in modeling various phenomena in applied science and engineering, such as electrodynamics, biology, engineering, physics, and economy. For example, Aiello, et al. [1] have proposed a stage-structured model of population growth, Ockendon & Taylor [2] have analyzed the dynamics of the current collection system of an electric locomotive, etc. [3] [4] [5] . In this work, the following multi-pantograph equation is considered:
where is a given function and 0 … τ 1. In the past few years, several studies on delay differential equations (DDEs) have been reported. For instance, Ahmadzadehed, et al. [6] reported analytical solutions of delay differential equations using modified Adomian decomposition with Pad approximation. Moreover, an approximate solution of a delay differential equation based on the differential transform method (DTM) and the Adomian decomposition method (ADM) has been introduced by Raslan & Sheer [7] . In 2013, the optimal homotopy asymptotic method (OHAM) was employed successfully, and accurate approximate solutions for linear, nonlinear and system of delay equations were obtained by Anakira, et al. [8] . Multipantograph equations are among the most important types of DDEs. They have been considered by numerous researchers analytically and numerically. For example, an analytic study on multi-pantograph delay equations with variable coefficients has been considered by Feng [9] . A brief review of the recent literature on solution methods for multi-pantograph-type delay equations can be found in [10] [11] [12] [13] .
In most real-life situations, the equation that models the problem is too complicated to solve exactly. Therefore, methods for approximating the solution are used to obtain a solution to an initial value problem that satisfies a given initial condition.
The method considered in this paper is based on the optimal homotopy asymptotic method (OHAM). OHAM was introduced in 2008 by Marinca and Herisanu [14] [15] [16] [17] for finding an approximate solution of nonlinear problems of thin-film flow of a fourth-grade fluid down a vertical cylinder. In their work, they employed this procedure to understand the behavior of nonlinear mechanical vibration in an electrical machine. Furthermore, they used the same procedure to obtain an approximate solution of nonlinear equations that arise in steady state flow of a fourth-grade fluid past a porous plate, and for the solution of a nonlinear equation arising in heat transfer. OHAM has been successfully employed to solve different kinds of differential equations in science and engineering [18] [19] [20] [21] [22] [23] [24] .
Recently, OHAM has been modified by Anakira, et al. [25] resulting in an effective algorithm called the multistage optimal homotopy asymptotic method (MOHAM) to find approximate solutions of linear, nonlinear and system of initial value problems. On the other hand, MOHAM has been successfully applied to obtain approximate solutions for the Quadrature Riccati equation [26] . This procedure is easy and effective in obtaining approximate series solutions for linear and nonlinear differential equations without linearization and discretization.
The present study attempted to effectively employ MOHAM to solve multipantograph delay equations. The results can be obtained in only one iteration with higher degree of accuracy compared with other methods from the literature. Moreover, the procedure is simpler.
The rest of this paper is organized as follows. Section 2 explains the basic principles of OHAM and MOHAM. To present a clear overview of the procedure, in Section 3 several examples with exact solutions are given and a comparison is made with existing results. Finally, a brief conclusion is given in Section 4.
2
Description of OHAM and MOHAM
OHAM
The basic idea of OHAM, as explained by Marinca, et al. [14] and other researchers [15, 19] , is to define the map ℎ , , :
Here, ∈ and ∈ 0, 1 are embedding parameters, is a nonzero auxiliary function for 0, 0 0, and , is an unknown function. Obviously, when p = 0 and 1 it holds that , 0 0 and , 1 respectively. Thus, as varies from 0 to 1, the solution , approaches from to , where is the initial guess that satisfies the linear operator:
next, we choose the auxiliary function in the form:
where C 1 , C 2 , C 3 , … are convergence control parameters that can be determined later. To get an approximate solution, we expand , , in Taylor's series about p in the following manner:
Substituting Eq. (5) into E q . (2) and equating the coefficient of like powers of p, we obtain the following linear equations:
subject to 0, where
And the -order approximation is given by:
, , , , . . . , ∑ , , , , . . . , .
Substituting Eq. (7) into Eq. (1) yields the following residual:
, , , , . . . , , , , , . . . , , , , , . . . , ∑ , , , , . . . ,
If R = 0, then will be the exact solution. Generally, such a case will not arise for nonlinear problems. The values of the convergence control parameters can be obtained by several methods, such as, the method of least squares collocation method, Galerkin's method and the Ritz method. Using the least squares method, we obtain the following equation:
, , , . . . , , , , . . . ,
where a and b are the endpoints of the given problem. The unknown convergence controls parameters 1,2,3, … , can be identified from the conditions
Making use of these known convergence control parameters, the approximate solution (of order m) is well determined.
MOHAM
To ensure the validity of the approximations for multi-pantograph equations, we further developed Multistage OHAM. This development is based on dividing the interval 0, into subintervals as , , . . . , , , where and standard OHAM is applied to each subinterval. The initial approximation of each interval is taken from the solution of the previous one. Firstly, consider the initial condition as: (11) Thus, we can choose the initial approximation, . According to OHAM we construct a homotopy, ℎ , , : 0, 1 → , which satisfies
where
Then, the first, second and order can be generated subject to the initial condition, 0. The approximate solution is:
Substituting Eq. (14) into E q . (1) 
If 0, then will be the exact solution. Generally, such a case will not arise for nonlinear problems, but we can minimize the function
where and are the endpoints of the given problem in the subinterval. The unknown convergence control parameters 
Let h be the length of subinterval , and /ℎ the number of subintervals. Now, we can solve Eq. (17) at 0, 1, , by changing initial approximation a in each subinterval from the previous one. For example, in the subinterval , we define . Therefore, the approximate analytic solution will be:
In this way, we successfully obtain the solution of the initial value problem for a large value of T analytically. It is worth mentioning that when 0, MOHAM gives the standard OHAM, so the new algorithm is a generalization of standard OHAM.
Examples
In this section, several examples are presented to demonstrate the efficiency of the new algorithm.
Example 1
Given the following multi-pantograph delay equation [9] :
Based on OHAM formulated in Section 2, a homotopy equation is constructed in the following form:
and , ,
Substituting Eq. (21) and Eq. (22) into Eq. (20), and equating the coefficients of the same powers of p yields the following set of linear differential equations:
0 Now, by using 1 into Eq. (14), the MOHAM approximate of the first order is:
Substituting the solutions of Eq. (23) and (24) into Eq. (25), we obtain a firstorder approximate solution:
Substituting Eq. (26) 
Hence, from the solutions of the systems of equations:
The convergence control parameters, , are obtained as presented in Table 1 , with ℎ 0.1 and starting with 0 to 1. Table 2 presents a comparison between MOHAM's approximate solution of the first-order and HPM's solution of the third-order, along with the exact solution. It is obvious that the approximate solutions obtained by our algorithm are more accurate along with an increased number of terms in the auxiliary convergence control functions. Table 3 displays the residual error obtained from MOHAM's approximate solution. 
Example 2
Given the following multi-pantograph delay equation [10] 
and , , ,
Substituting Eq. (32) and Eq. (33) into Eq. (31) and equating the coefficients of the same powers of p yields the following set of linear differential equations:
0
The first-order approximate solution is given by Eq. (14) for m = 1 as follows:
(36) 
Conclusion
In this paper, we have proved the potential of MOHAM for obtaining approximate analytic solutions of multi-pantograph equations. High approximate solutions were obtained in one iteration, which is sufficient to achieve extremely accurate results compared with other methods from the literature. Three numerical experiments were solved to illustrate that the present algorithm is effective and accurate and converges rapidly to exact solutions. Hence, we can say that these numerical results show that the MOHAM is an acceptable and reliable technique for the solution of multi-pantograph equations.
